A possible solution to the second entanglement paradox by Aerts, Diederik & de Bianchi, Massimiliano Sassoli
ar
X
iv
:1
50
2.
06
24
9v
2 
 [q
ua
nt-
ph
]  
19
 Ja
n 2
01
6
A possible solution to the second entanglement paradox
Diederik Aerts1 and Massimiliano Sassoli de Bianchi2
1 Center Leo Apostel for Interdisciplinary Studies
Brussels Free University, 1050 Brussels, Belgium
E-Mail: diraerts@vub.ac.be
2 Laboratorio di Autoricerca di Base
6914 Lugano, Switzerland
E-Mail: autoricerca@gmail.com
Abstract
Entangled states are in conflict with a general physical principle which expresses that a composite
entity exists if and only if its components also exist, and the hypothesis that pure states represent
the actuality of a physical entity, i.e., its ‘existence’. A possible way to solve this paradox consists in
completing the standard formulation of quantum mechanics, by adding more pure states. We show
that this can be done, in a consistent way, by using the extended Bloch representation of quantum
mechanics, recently introduced to provide a possible solution to the measurement problem. Hence,
with the solution proposed by the extended Bloch representation of quantum mechanics, the situa-
tion of entangled states regains full intelligibility.
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Since their discovery, entangled states were considered to describe enigmatic situations. More pre-
cisely, we can distinguish two entanglement paradoxes. The first one is well-known, as it attracted most
of the attention of physicists throughout the years: it is related to the experimental fact that two entan-
gled entities are able to produce perfect correlations, even when separated by large spatial distances.
In other terms, the first entanglement paradox is about the existence of non-local effects, allowing
entities to become spatially separated, by arbitrarily large distances, without becoming experimentally
separated.
The second entanglement paradox is in our opinion even more puzzling, although lesser known.
Schrœdinger, the discoverer of entanglement, was perfectly aware of this difficulty, for instance when
he emphasized that for two quantum entities in an entangled state only the properties of the pair
appeared to be defined, whereas the individual properties of each one of the two entities forming the
pair remained totally undefined [1] (see also [2], Sec. 7.3, and the references therein).
Let us explain why this observation is able to generate a paradox. For this, we start by enouncing
two very general physical principles (GPP) [4]:
GPP1 A physical entity S is said to exists at a given moment, if and only if it is in a pure
state at that moment.
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GPP2 A composite physical entity S, formed by two sub-entities SA and SB, is said to
exist at a given moment if and only if SA and SB exist at that moment.
On the other hand, according to standard quantum mechanics (SQM), the following two principles are
also assumed to hold:
SQMP1 If S is a physical entity with Hilbert space H, each ray-state of H is a pure state
of S, and all the pure states of S are of this kind.
SQMP2 The pure states of a composite entity S, formed by two sub-entities SA and SB,
with Hilbert spaces HA and HB, are the rays of H = HA ⊗ HB. SA and SB are in the
ray-states |ψA〉 and |φB〉 if and only if S is in the product ray-state |ψA〉 ⊗ |φB〉.
The paradox results from the observation that the above four principles are not compatible with each
other, precisely because of the existence of entangled states. Indeed, if the composite entity S is in the
entangled state:
|ψ〉 = a1 eiα1 |ψA〉 ⊗ |φB〉+ a2 eiα2 |φA〉 ⊗ |ψB〉, (1)
with a1, a2, α1, α2 ∈ R, 0 ≤ a1, a2 ≤ 1, a21 + a22 = 1, |ψA〉, |φA〉 ∈ HA, |ψB〉, |φB〉 ∈ HB, 〈ψA|φA〉 =
〈ψB |φB〉 = 0, considering that |ψ〉 is a ray-state, by the SQMP1 it describes a pure state of S. By the
GPP1, we know that S exists, and by the GPP2, the two sub-entities SA and SB also exist. But then,
by the SQMP1, SA and SB are in ray-states, and by the SQMP2, S is in a product state, which is a
contradiction.
Facing this conflict between the above four principles, a possible strategy is that of considering that
the GPP2 does not have general validity, in the sense that when a composite entity is in an entangled
state, its sub-entities would simply cease to exist, in the same way that two water droplets cease to exist
when fused into a single larger droplet. However, this strategy is not fully consistent, as two quantum
entities do not completely disappear when entangled, considering that there are properties associated
with the pair that remain always actual.
For instance, we are still in the presence of two masses, which can be separated by a large spatial
distance. So, entanglement is neither a situation where two masses are completely fused together,
nor a situation where a spatial connection would bond them together, making it difficult to spatially
separate them (as in chemical bonds). Also, entangled entities can remain perfectly correlated, and the
property of “being perfectly correlated” is clearly a property which is meaningful only when we are in
the presence of two existing entities.
In other terms, we cannot affirm that in an entangled state the composing entities cease to exist,
and it is very difficult to even conceive a situation where the GPP2 would cease to apply. Even the
above example of two droplets of water fused together cannot be considered as a counterexample, as in
this case we are not really allowed to describe the larger droplet, once formed, to be the combination
of two actual sub-droplets. So, it doesn’t seem reasonable to abandon the GPP2, and of course it
is neither reasonable to abandon the GPP1, which is almost tautological if we consider that a pure
state, by definition, describes the objective condition in which an entity is in a given moment, precisely
because of its actual existence.
Regarding the GPP1, it could be objected that also an entity which is not in a pure state can exist.
This is correct, but we have here to understand that the term ‘pure state’ is a sort of pleonasm, as if
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we consider the notion of state at its most fundamental level, i.e., as a description of the reality of an
entity, in a given moment, then all states are by definition pure states. Indeed, the non-pure states (i.e.,
the statistical mixtures of states), only describe our subjective lack of knowledge regarding the actual
condition of the physical entity under consideration. Even when we are ignorant about the objective
condition of an entity, i.e., its pure state, we can of course still say that the entity exists. However, and
this is how the GPP1 should be understood, if the entity exists, in a given moment, then it must be
possible (at least in principle, and independently of our subjective ‘state of knowledge’) to characterize
its potential behavior under all possible interactions, and such characterization is precisely what a pure
state is all about.
So, the only way to resolve the paradox seems to be that of revisiting the SQM1. To do so, we start
by observing that there is a well-defined procedure in SQM that allows to associate individual states
to entangled sub-entities. If, say, we are only interested in the description of SA, irrespective of its
correlations with SB, all we have to do is to take a partial trace. For this, one has to rewrite the ray-
state (1) in operatorial form. Defining: Dψ = |ψ〉〈ψ|, DAψ = |ψA〉〈ψA|, DAφ = |φA〉〈φA|, DBψ = |ψB〉〈ψB |
and DBφ = |φB〉〈φB |, we have:
Dψ = a
2
1D
A
ψ ⊗DBφ + a22DAφ ⊗DBψ + I int, (2)
where the interference contribution is given by:
I int = a1a2 e
−iα|ψA〉〈φA| ⊗ |φB〉〈ψB |+ c.c., (3)
with α = α2 − α1. The state of SA, irrespective of its correlations with SB , can then be naturally
defined by taking the partial trace: DA = TrBDψ, and similarly for S
B : DB = TrADψ. A simple
calculation yields:
DA = a21D
A
ψ + a
2
2D
A
φ , D
B = a21D
B
φ + a
2
2D
B
ψ . (4)
However, (4) cannot be considered to solve the second entanglement paradox, as is clear that the
reduced one-entity states DA and DB will not in general be ray-states, but density operators, and by
the SQM1 we cannot interpret them as pure states. Therefore, we cannot use the GPP1 to decree the
existence of SA and SB .
The following questions then arise: To save the intelligibility of the entangled states, shouldn’t we
complete the SQM by also allowing density operators to describe pure states? And more importantly:
Do we have sufficient physical arguments to consider such a completed quantum mechanics (CQM), and
can it be formulated in a sufficiently general and consistent way? It is the purpose of this article to
provide positive answers the above questions, showing that the second entanglement paradox can be
solved.
For this, we start by observing that the first reason to consider that density operators should also
describe pure states is precisely the existence of the above mentioned partial trace procedure. Indeed,
there is no logical reason why by focusing on a component of a system in a well-defined pure state,
taking a partial trace, we would suddenly become ignorant about the condition of such component.
Another important reason is that a same density operator admits infinitely many representations as
a mixture of one-dimensional projection operators [5]. This immediately suggests that the mixture in-
terpretation is generally inappropriate, not only because it remains ambiguous, but also, and especially,
because it fails to capture the dimension of potentiality that a density operator is able to describe.
Another relevant observation is that composite entities in ray-states can undergo unitary evolutions
such that the evolution inherited by their sub-entities will make them continuously go from ray-states
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to density operator states, and return; a situation hardly compatible with the statistical ignorance
interpretation of the density operators (see [3], sect. 7.5).
But we think there is an even more important reason to consider that the density operators can also
describe pure states: if we do so, it becomes possible to derive the Born rule and provide a solution
to the measurement problem, as recently demonstrated in what we have called the extended Bloch
representation of quantum mechanics [6].
Let us briefly explain how this works. As is known, the ray-states of two-dimensional systems (like
spin-12 entities) can be represented as points at the surface of a 3-dimensional unit sphere, called the
Bloch sphere [7], with the density operators being located inside of it. What is less known is that a
similar representation can be worked out for general N -dimensional systems [8]. The 3-d Bloch sphere
is then replaced by a (N2 − 1)-dimensional unit sphere, with the difference that, for N > 2, only a
convex portion of it is filled with states.
When this generalized Bloch sphere representation is adopted, as an alternative way to represent the
quantum states, it can be further extended by also including the measurements. These are geometrically
described as (N − 1)-simplexes inscribed in the sphere, whose vertices are the eigenvectors of the
measured observables. These measurement simplexes, in turn, can be viewed as abstract structures
made of an unstable and elastic substance, and it can be shown that an ideal quantum measurement
is a process where the abstract point particle representative of the state first plunges into the sphere,
in a deterministic way, along a path orthogonal to the simplex, then attaches to it, and following its
indeterministic disintegration, and consequent collapse, is brought to one of its vertices, thus producing
the outcome of the measurement, in a way that is perfectly consistent with the Born rule and the
projection postulate [6].
We will not describe here the details of this ‘hidden-measurement mechanism’, as this is not the
scope of this article. We only emphasize that its functioning requires the point particle representative of
the state to move from the surface to the interior of the sphere, then back to the surface, thus implicitly
ascribing the status of pure states also to the density operators.
In other terms, if we take seriously the extended Bloch representation, we can say in retrospect that
a key obstacle in our understanding of quantum measurements is that SQM was not considering all the
possible pure states that can describe the condition of a physical entity, and that the missing ones were
precisely those located inside of the generalized Bloch sphere, i.e., the density operators.
Our final and in a sense most important argument in favour of the ‘density operators are pure
states’ interpretation is about showing that within the extended Bloch formalism a composite entity in
an entangled state is naturally described as a system formed by two components that always remain in
well defined states, precisely corresponding to the reduced states (4), plus a third ‘element of reality’
describing their non-local correlation. For this, we start by observing that (2) can be written as [6]:
Dψ =
1
N
(I+ cN r ·Λ) , (5)
where the real unit vector r is the representative of the ray-state Dψ within the generalized Bloch sphere
B1(R
N2−1), cN = (
N(N−1)
2 )
1
2 , and the components of the operator-vector Λ are (a determination of) the
generators of SU(N), the special unitary group of degree N , which are self-adjoint, traceless matrices
obeying TrΛiΛj = 2δij , i, j ∈ {1, . . . , N2 − 1}, forming a basis, together with the identity operator I,
for all the linear operators on H = CN .
In the same way, with HA = CNA , HB = CNB , N = NANB , we can define the Bloch vectors:
rA, sA, rA ∈ B1(RN2A−1), rB, sB , rB ∈ B1(RN2B−1), representative of the states DAψ , DAφ , DA, DBψ , DBφ ,
DB, respectively, by: DAψ =
1
NA
(IA+ cNA r
A ·ΛA), DAφ = 1NA (IA+ cNA sA ·Λ
A), DA = 1
NA
(IA+ cNA r
A ·
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ΛA), DBψ =
1
NB
(IB + cNB r
B ·ΛB), DBφ = 1NB (IB + cNB sB ·Λ
B), DB = 1
NB
(IB + cNB r
B ·ΛB), where
the ΛAi are the N
2
A − 1 generators of SU(NA), the ΛBj are the N2B − 1 generators of SU(NB), and IA
and IB are the identity operators on HA and HB, respectively. Note that for N = 2, the components
Λi in (5) are simply the Pauli matrices, and r is a vector in the usual three-dimensional Bloch sphere.
At this point, we observe that it is possible to use the remarkable property that the trace of a tensor
product is the product of the traces, to construct a determination of the SU(N) generators in terms of
tensor products of the generators of SU(NA) and SU(NB). More precisely, defining the N
2 self-adjoint
N ×N matrices:
Λ(i,j) =
1√
2
ΛAi ⊗ ΛBj ,
where i = 0, . . . , N2A− 1, j = 0, . . . , N2B − 1, and we have defined ΛA0 = ( 2NA )
1
2 I
A and ΛB0 = (
2
NB
)
1
2 I
B , it
is easy to check that, apart Λ(0,0) = (
2
N
)
1
2 I, the remaining N2 − 1 matrices are all traceless, mutually
orthogonal and properly normalized, and therefore constitute a bona fide determination of the genera-
tors of SU(N) that can be used in (5), to express the components of the vector r, representative of the
composite entity’s state.
Using the orthogonality of the generators, the components of r are given by: ri = eNTrDψΛi, i =
1, . . . , N2 − 1, with eN = N2cN , and similarly for the components of the Bloch vectors representing the
sub-entities’ states. With a direct calculation, one can then show that the entangled state r is of the
tripartite direct sum form:
r = dNAr
A ⊕ dNBrB ⊕ rcorr. (6)
where we have defined dNA = (
NA−1
N−1 )
1
2 and dNB = (
NB−1
N−1 )
1
2 . In (6), the vector rA = a21r
A + a22s
A
belongs to the one-entity Bloch sphere B1(R
N2
A
−1), and describes the state of SA, whereas the vector
rB = a21s
B + a22r
B belongs to the one-entity Bloch sphere B1(R
N2
B
−1), and describes the state of SB.
On the other hand, rcorr is the component of the state which describes the correlation between the two
sub-entities, and is of the form:
rcorr = dNA,NBr
AB + rint, (7)
where rAB = a21r
AB
1 +a
2
2r
AB
2 ∈ B1(R(N
2
A
−1)(N2
B
−1)) is a vector with components [rAB](i,j) = a
2
1[r
AB
1 ](i,j)+
a22[r
AB
2 ](i,j), with [r
AB
1 ](i,j) = r
A
i s
B
j , [r
AB
2 ](i,j) = s
A
i r
B
j , i = 1, . . . N
2
A − 1, j = 1, . . . N2B − 1, dNA,NB =
( (NA−1)(NB−1)
N−1 )
1
2 , and the vector rint ∈ R(N2A−1)(N2B−1) describes the interference contribution (3).
If the first two one-entity generators are chosen to be: ΛA1 = |ψA〉〈φA|+|φA〉〈ψA|, ΛA2 = −i(|ψA〉〈φA|−
|φA〉〈ψA|), ΛB1 = |ψB〉〈φB |+ |φB〉〈ψB |, ΛB2 = −i(|ψB〉〈φB |−|φB〉〈ψB |), rint only has four non-zero com-
ponents, which for a suitably chosen order for the joint-entity generators are:
rint = eN
√
2a1a2(cosα, cosα,− sinα, sinα, 0, . . . , 0). (8)
According to (6), and different from the SQM formalism, we see that the extended Bloch represen-
tation allows to describe an entangled state as a “less tangled” condition in which the two sub-entities
are always in the well-defined states rA and rB, belonging to their respective one-entity Bloch spheres,
which are clearly distinguished from their correlation, described by the vector (7), which cannot be
deduced from the states of the two sub-entities, in accordance with the general principle that the whole
is greater than the sum of its parts (so that the states of the parts cannot generally determine the state
of the whole).
We can observe that the interference contribution rint is what distinguishes the entangled state (1)-
(2) from the separable state: Dsepψ = a
2
1D
A
ψ ⊗DBφ + a22DAφ ⊗DBψ . However, even when the interference
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contribution is zero, the separable (but non-product) state Dsepψ does not describe a situation of two
experimentally separated entities, as is clear that the state vector rA is not independent from the state
vector rB , since their components both contain the parameters a21 and a
2
2. Also, the components of r
AB
cannot be deduced from the knowledge of the components of rA and rB, which means that a separable
state is not a separated state, but a state that still describes a situation where the whole is greater
than the sum of its parts.
Of course, when a2 = 0 (or a1 = 0), we are back to the situation of a so-called product state. This
manifests at the level of the Bloch representation in the fact that r = dNAr
A ⊕ dNBsB ⊕ dNA,NBrAB1 ,
with the two sub-entity states rA and sB now totally independent from one another, and able to fully
determine the joint-entity contribution rAB1 , so that there are no genuine emergent properties in this
case.
Therefore, considering the general description (6), and the previously mentioned arguments in
favor of the ‘density operators are pure states’ interpretation, we are now in a position to formulate
a completed quantum mechanical principle, in replacement of the SQMP1, which can restore the full
intelligibility of entangled states:
CQMP1 If S is a physical entity with Hilbert space H, then each density operator of H is a pure state
of S and all the pure states of S are of this kind.
Of course, the CQMP1 does not imply that a density operator cannot be used to also describe a
situation of subjective ignorance of the experimenter, regarding the pure state of an entity. It simply
means that within the quantum formalism a same mathematical object can be used to model different
situations, which are not easy to experimentally distinguish, because of the linearity of the trace used
to calculate the transition probabilities.
However, a distinction between ‘pure state-density operators’ and ‘mixed state-density operators’
is in principle possible, for instance if one can set up an experimental context producing a non-linear
evolution of the states, as in this case mixtures and pure states will evolve in a different way, and their
ontological difference can become observable (see [6] for some additional considerations regarding the
distinguishability of pure and mixed states in a measurement context).
It is worth mentioning that a completed quantum mechanics retaining all the principles of SQM,
apart the SQM1 which is to be replaced by the CQMP1, was already proposed by one of us many years
ago [4]. At the time the proposal was motivated by the existence of a mechanistic classical laboratory
situations able to violate Bell’s inequalities exactly as quantum entities in EPR-experiments can do [9].
Today, considering that the ‘density operators are pure states’ interpretation is an integral part of the
extended Bloch representation, which provides a possible solution to the measurement problem [6] and,
as we have shown in this article, also allows to obtain a partitioning of the entangled states where their
correlative aspects remain clearly and naturally “disentangled” from the description of the sub-entities’
states, we believe that the proposal has reached the status of a firmly founded scientific hypothesis,
only waiting for an experimental confirmation.
A last remark is in order. Even in the simplest case of two entangled qubits (NA = NB = 2), where
the two one-entity states rA and rB can be represented within our 3-dimensional Euclidean space (for
instance as directions, in the case of spins), the correlation vector rcorr is already 9-dimensional, and
therefore is no longer describable within our Euclidean theatre. This is in accordance with the observed
non-local effects that are produced by entangled entities, which are insensitive to spatial separation, and
which therefore should be understood as effects resulting from the existence of genuinely non-spatial
correlations.
In other terms, the solution we have proposed to the second entanglement paradox, via the extended
Bloch representation, also suggests that non-locality should be understood as a manifestation of the
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non-spatial nature of quantum entities. This means that our approach also offers a possible solution
to the first entanglement paradox, as is clear that if quantum entities are non-spatial entities, then
their interconnections, when in entangled states, need not to happen through space, and therefore can
remain perfectly insensitive to spatial separation.
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